Chapter 5 - Pareto optimality in exchange and
production economies

Harris SELOD

Paris School of Economics (selod@ens.fr)

November 2, 2007
(Revised November 8, 2007)

Harris SELOD Chapter 5 - Pareto optimality in exchange and production econo



The case of an exchange economy

Modeling an exchange economy

Assumptions and notations:

e /[={1,...i,...., N} is a set of N individuals.

@ Each individual faces a consumption set X; and has a
utility function u;: X; — R.

e G={1,...,9,..., M} is a set of M perfectly divisible goods.
Hence, X; = RM.

o W= (W,..,W,, ..., Wy) is the vector of total initial

endowments of goods in the economy, where W is the
total initial endowment of good g (a non-negative value).

Harris SELOD Chapter 5 - Pareto optimality in exchange and production econol



The case of an exchange economy

Definition (Exchange economy)

An exchange economy is a 4-uple:

E= (I, (Xier(U)icr, W)

Definition (Allocation)

An allocation is the vector that gives the distribution of all
goods among all individuals :

where x' = (x{, X}, ..., X|,) is individual i’s consumption of all
goods, with xg the quantity of good g allocated to individual i.
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The case of an exchange economy

In extended form, we can write:

1,1 1 i i i N N N
X = (X1, Xp, oy Xy ey X4 X ooy Xy ooy X4, X sy Xp1)
x1 ' ):'rV

Definition (Feasible allocation)
An allocation is feasible if:

Sxzw
il
which also writes:

d xg<W, VgeG

i€l
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The case of an exchange economy

Graphic representation in an Edgeworth box.
M=2,N=2)
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The case of an exchange economy
Definition of Pareto optima

Definition (Pareto optimum)

An allocation x* = (x'", ..., x"", ..., xN") is a Pareto optimum
(denoted PO) if:
@ Itis feasible:

X <W; vgeM
j

@ 7 x feasible such that:

ui(x’) > ui(x™) viel
el uyd)>ux)
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The case of an exchange economy

Interpretation:

@ Starting from x*, another feasible allocation that would
increase the well-being of one agent without decreasing
the well-being of another one does not exist.

@ Pareto optimality is only an efficiency criterion
(sometimes labeled “Pareto efficiency”). It is not
necessariy equitable: an allocation that grants all
resources to only one agent is always a Pareto Optimum.
Efficiency is not necessarily desirable when it occurs at the
expense of equity.
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The case of an exchange economy

Interpretation (continued):

@ Graph of a Pareto frontier.

@ Pareto optimality is a limited concept. It defines as efficient
social states that are not-unanimously rejected.
Indeed, there will always exist at least one agent in a
Pareto optimum that will prefer this optimum to any other
alternative allocation (proof: by contradiction).

@ PO are just allocations.
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The case of an exchange economy

Characterization of Pareto optima

Assumption: all individual utility functions are quasi-concave
and twice continuously differentiable.

Proposition (Characterization of PO)

@ Any allocation x* solution of the following program:

Max us (X}, x3, ..., x}))

st x=(x",x2,...,xN) is feasible
Ui(X{, X5, o Xpg) > U0 T=2,...,N

is a Pareto optimum.

@ Reciprocally, any PO is a solution of the above program
(written with the adequate vector of utility-level
parameters (Us, ..., UN)).
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The case of an exchange economy

Characterization of interior solutions Here, we will focus on

interior solutions only. The Lagrangian writes:

L= ui(X],...,X}, . Xy)
N . . .
> [T = Ui 3, Xi)|
i—2
M Mo
s [Sor - o
g=1 i=1
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The case of an exchange economy

The F.O.C. are:
gfé:o Vge G, Viel
8L =0 viel
ngg:O Vge G

Simple calculations yield the following characterization:

Ou;/ox}y  Ouw/oxg
Oui/oxt, — duy oxk,
—_——

vi,i" €1, vg,9 € G

N——r
i /
MRS !, MRS !,
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The case of an exchange economy

Proposition (Interior solutions)
The interior PO of an exchange economy are characterized
by:

MRSy, = MRS, Vi,i' €1, ¥g,9' € G

Interpretation:

@ In Pareto-optimal allocations, all individuals have the same
MRS for any given couple of goods.

@ If it were not the case, then a reallocation of the goods
between two agents could increase the utility of one agent
without decreasing the utility of the other (there would exist
a mutually advantageous exchange, contradiction with
OP).
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The case of an exchange economy

Graphic representation in an Edgeworth box

Definition (Pareto-optimal allocation)

An allocation x* = (x'*, x2*) in the Edgeworth box is Pareto
optimal if there is no other allocation x = (x', x?) in the

Edgeworth box with x' = x™* fori = 1,2 and x' -~ x"* for some
i ]

I
i (i.e. either fori =1 orfori=2).

Definition (Pareto set)

The set of all Pareto optimal allocations is called the Pareto
set. It is the set of all tangency points between the two
consumers’ indifference curves (where MRS are
equalized).

Harris SELOD Chapter 5 - Pareto optimality in exchange and production econol



The case of an exchange economy

Definition (Contract curve)

The part of the Pareto set where both consumers do at
least as well as their initial endowments is called the
contract curve.

Graph.
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The case of an exchange and production economy

Modeling an exchange and production economy

Assumptions and notations:

@ /={1,..,i,...,N}is a set of N consumers.

@ Each individual faces a consumption set X; and has a
utility function u;: X; — R.

e G={1,...,9,..., M} is a set of M perfectly divisible goods.
Hence, X; = RM.

o W= (W,.., W, ..., Wy) is the initial endowment of goods
in the economy (vector), where W, is the initial endowment
of good g (a non-negative value).
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The case of an exchange and production economy

Assumptions and notations (continued):
e J={1,..,/,...,Q} is a set of Q non-specialized firms
e Y= {y e RM: Fi(y) < 0} is the production set of firm j,
with F; firm j's transformation function.
° yé is the quantity of good g produced by firm j (if yé > 0) or
utilizied by firm j (if y}, < 0).
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The case of an exchange and production economy

Definition (Exchange and production economy)

An exchange and production economy is a 6-uple:

E =, (Xdici, (Ui)ics, J, Y}, W)
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The case of an exchange and production economy

Definition (Allocation)

An allocation is the vector that gives the distribution of all
consumed and produced goods among all individuals and
firms:

N Q
x,y)=(x", x2, .. xN yl 2 y9) e HXI X HY/
i=1 J=1

where :

® x' = (x{,x5,...,Xy) Is individual i’s consumption of all
goods, with xg the quantity of good g allocated to
individual i (with x, > 0).

@yl =( y{ , yé, s y{h) is firm j’s production and utilization of
all goods, with yg is the quantity of good g produced by
firm j (/fyg > 0) or used by firm j (/fyg <0).
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The case of an exchange and production economy

Remark:

@ In extended form, we can write:

(G Y) = (cons X4y Xy ey X oes Vs Yips vy Vg +--)

X yi

@ Observe that with our convention, consumptions are > 0
for consumers but < 0 for firms.
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The case of an exchange and production economy

Definition (Feasible allocation)
An allocation is feasible if:

@ Ultilizations (consumptions) are no greater than resources
(productions + endowments):

N Q

Y xg < Wy + >y forg=1,..M
g 9 g ) )

i=1 ~~ j=1

—— endowment ;v_,
consumption production

@ Production is feasible given the technology:

FY b yl)<0 forj=1,..Q
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The case of an exchange and production economy

Example:
@ N =2, two consumers: 1 and 2
@ M =2, two goods: 1 and 2, with initial endowments W,
and W5
@ Q = 2, two single-product firms: 1 (producing good 1) and
2 (producing good 2) using capital and labor, with initial
endowments K and L
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The case of an exchange and production economy

Example (continued):
@ In this example, an allocation

z=(x{, %3, X2, %2, 1, Y2, L1, Lo, K1, K2)
—— N——
x1 X2
is feasible if:

X +xG < Wity

X3+ x5 < Wotyo

Li+L <L

Ki+Ka <K
yi < (K, L)
Yo < h(Ky L)
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The case of an exchange and production economy

Characterization of Pareto optima

@ Any allocation (x*, y*) solution of the following program:

]

Max uy(x], X3, ..., x},)

st (x,y)=(x"x%, ..., xN y' y2 ..., y9Q) is feasible
Ui( Xy, X5, ... X)) > Ui i=2,...,N

is a Pareto optimum.

@ Reciprocally, any PO is a solution of the above program
(written with the adequate vector of utility-level
parameters (Us, ..., Uy)).
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The case of an exchange and production economy

Characterization of interior solutions
Here again, we will focus on interior solutions only. The
Lagrangian writes:

L= u(X],....Xg s Xg)

—Z)\,- [D,- — ui(x], x5, ...,x,(,,)]
i—2
M Mo Q
S50 35 -3
o= |i= =

—Zu, [ y1,y2,. .,y{;,,) — 0}
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The case of an exchange and production economy

The F.O.C. are:

%é:o Vge G, Viel
%:o Vge G Vjed
9L =0 viel

g—é:o Vge G
%5/:0 Vjied
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The case of an exchange and production economy

The interior PO of an exchange and production economy are
characterized by:

@ Equalization of MRS (consumption allocation efficiency)

MRS, , = MRS, Vi,i'€l, Vg, € G
@ Equalization of MRT (production allocation efficiency)
o 4! : /
MFITgyg, = MF"Tg,g, Vi,jed, Vg, €G

@ Equalization of MRS and MRT (link between
consumption and production)

. MRT
MRS}, ; = MRT,

. . ;
b vVielLlVjed, Vg,9 € G
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The case of an exchange and production economy

Coming back to the M = N = Q = 2 example:
An allocation z = (x{, X}, X%, x5, y1, ¥z, L1, L2, K1, K2) is a PO it it

solves:
( Max uq(x{, x3)
Up(X2,X3) > Up
x{+x2 < Wi+ y
Xa+ x5 < Wo+tys
Li+L <L
Ki+Ka <K
o= h(Ki, L)
Y2 = fa(Ka, L2)

Calculations. Graphs.

Harris SELOD Chapter 5 - Pareto optimality in exchange and production econol



	The case of an exchange economy
	The case of an exchange and production economy

